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Abstract 

We show that for elhptic parametric functionals whose WulfF shape is smooth and has 
strictly positive curvature, any surface with constant anisotropic mean curvature which is a 
topological sphere is a rescaling of the Wulff shape. 

1 Introduction 

Let J : S'^ R+ be a "reasonable" positive function on the two-dimensional unit sphere S^. For 
a smooth, oriented immersed surface X : T, R'^ with unit normal we define a functional by 

J^[X] = / 7(i.) , (1) 

where dE is the area element of X. We will impose a convexity condition on the functional by 
requiring that the map 

X : 52 ^ R^ J/ D7 + 7z/ , (2) 

defines a smooth, convex surface W :— x(S'^). This surface is called the Wulff shape. Wulff's 
Theorem states that for all closed surfaces S enclosing the same volume as W , !F\W] < J^[S] holds, 
so that W solves the isoperimetric problem for this functional. For example, if | • | is a smooth 
norm on R^ with dual norm | • |*, then the functional obtained from using the density 7(1/) := 
satisfies the convexity condition and has the Wulff shape 14^ := {a; | — 1}. 

Now let Xt — X + tSX + 0{t^) be a smooth, compactly supported variation of X. The 
anisotropic mean curvature A is defined by the first variation formula 



ST[X] := dtT[Xt]t=o = - I MX ■ . (3) 

Since 



Svo\[X] = [ SX -dT, 



S 

the equation A = constant characterizes critical points of T with the enclosed volume constrained 
to be a constant. 

A consequence of the convexity condition is that the equation for constant anisotropic mean 
curvature (CAMC) surfaces is absolutely elliptic in the sense of Hopf 5 . In particular, the equation 
for prescribed anisotropic mean curvature possesses a Maximum Principle analogous to the well 
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known one for CMC (constnat mena curvature) surfaces. Since the Maximum Principle is one 
of the most important analytic tools for dealing with CMC surfaces, it is not surprising to see 
that many results for CMC surfaces have natural extensions to CAMC surfaces. The isoperimetric 
property of the Wulff shape is one such example. Generalizing the Barbosa-do Carmo theorem, 
it was shown in [71 that the only closed, stable CAMC surface is the, up to homothety, the Wulff 
shape. Also, generalizing the Alexandrov Theorem, it was recently shown in ^ that the only 
closed, embedded CAMC surfaces are rescalings of the Wulff shape. 
In this paper, we will show the following: 

Theorem 1.1 Assume the convexity condition holds for the functional T . Then the only closed, 
genus zero surfaces with constant anisotropic mean curvature are rescalings of the Wulff shape W. 

Of course, when 7=1, this gives Hopf's famous result that the only CMC topological spheres 
are round. Recently, two interesting partial results for the anisotropic case have appeared. One, 
due to Giga and Zhai, '2], roughly states that the result holds for functionals which are sufficiently 
close in the topology, to the area functional. The other, due to He and Li, proves the result under 
the assumption that a second invariant besides the anisotropic mean curvature is also constant. 
This second invariant is Tracees(dx ° dv o J), where J is the almost complex structure of the 
surface. The constancy of this invariant together with the constancy of A is equivalent to the 
holomorphicity of a type of Hopf differential. 



2 Anisotropic Umbilic Points 

Let X : Yj ^ be an oriented surface. At a point p G S, we can consider the sphere Sp which 
is in oriented contact with the surface at p and which has the same mean curvature as the surface 
has at p. The sphere Sp is called the central sphere of the immersion at p. If Sp and the surface 
have contact of order at least two at p, then p is an umbilic point of X . 

We now consider a fixed Wulff shape W . Recall that since W is convex, the unit normals to 
W are in one to one correspondence with the points in S^ . At each point in p g E we can consider 
the surface ujp which is the unique rescaling of W that is in oriented contact with the surface at p 
and has the same anisotropic mean curvature as the surface has at p. We will call p an anisotropic 
umbilic, ( A-umbilic) , if ujp and X have at least second order contact at p. We will show that either 
the surface is made up entirely of A-umbilics or these points are isolated and we can associate an 
integer to each of them. 

Set x = X°^- X-^~^W^is called the anisotropic Gauss map of X. A local expression for the 
anisotropic mean curvature A is, 

A := -Traces dx- (4) 
The condition that a point p is an A-umbilic is that 

(dx + (A/2)dA)^ = . (5) 

We can assume, by making a translation in R'^ if necessary, that 

(X+(A/2)A)^ = 0. (6) 

By ([5]), we have that at any A-umbilic point, the Gaussian curvatures of E and W satisfy, Ky: = 
{A'^ /4:)Kw > 0, so it follows that near p, the anisotropic Gauss map x is a local diffeomorphism. 
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On the other hand, the Gauss map of is a global difFeomorphism and so near p G E and near 
x{p) G both surfaces can be parameterized over S'^ by the inverses of their Gauss maps. For 
W , the map x given in ^ is exactly this parameterization. If q denotes the support function of X, 
then X = Dq + qv locally parameterizes the surface. From ([5]), the equation that the anisotropic 
mean curvature is constant is expressed on S"^ as 

Traces2 {D'^-f + 'yI)(D'^q + ql^^ = -A ee constant . (7) 

Since Ky^ > holds near p, the matrix {D^q + ql)^^ is positive definite near p and ([7]) can be 
considered as a linear elliptic equation £^[7] — —A. Clearly E[{K/2)q\ — A and so w 7 + (A/2)g 
satisfies E[w\ = 0. 

Note also that, from ([6]), we have 

{Dw + wu)^(p) = . 

In particular, since Dw and v are perpendicular, 

w{u{p)) ^ , Dw„(p) = . (8) 

As in [6], we next introduce local coordinates near v{p) in using central projection. For v 
near v{p), let y = irlv) be the intersection of the line through the origin of R'^ and v with r^(p)S'^. 
For an orthogonal coordinate (2/1,2/2) in T^[p)S'^, let p — \/y\ +y\- For a function / on 5^, define 
/:=(! + p^)^/^ ° TT^^ Then, there holds, (equation (4.1) of [6]), 

(l + /^')'^'(/,,,P = (^'/ + /^)- (9) 
In these coordinates, the equation E\w\ = has an expression 

for suitable functions a,h and c. 

As in j5], there is a linear change of coordinates = cnXi +Ci2X2, with (cy) a constant matrix, 
such that the previous partial differential equation takes the form 

aim^.i, - + ci^?2?2 = (11) 

with 

ai(0) = 1 = ci(0) , 6i(0) = 0. (12) 

By a theorem of Bers [T], there exists a homogeneous polynomial P of degree N, P not identically 
zero, such that for all e £ (0, 1) 

wi0-Pi0+O{\Cr+n, (13) 

u;^^ =P5.+0(|^r-i+^), ^^l,2, (14) 

-Pui, +0(1^1" -'^1, 1<*,J<2, (15) 

and 

^16+^26=0 (16) 
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holds on a neighborhood of 0. Note that by (O, we have 



0^w{0) ^w,.{Q), i = 1,2. 



It follows that iV > 2 holds since < 1 together with ([131) and ([14]) implies that P = by letting 

We can also note that since ^ = corresponds to an A-umbilic, > 3 holds since the left hand 
side of (|15p vanishes when ^ = 0. (If iV = 2 then for some P^^^.{0) ^ and letting ^ — > in 

([TSj) gives a contradiction.) 

Let C = + V— 1^2- By (fTB)) . P,^ is a holomorphic function and so we can write P,^^ =: 
^(^-2)(^^^^ where G is a holomorphic function of ^ which is non vanishing in a neighborhood of 
^ = 0. We obtain from (fT5| . 



N-2 



G{o+o{\cn 



, Vee (0,1). 



(17) 



Suppose there exists a sequence — > with W(-^(Cp) = 0, /i = 1, 2, 3, • • •. Then we obtain from 

which is a contradiction since G{0) ^ 0. This shows that C = is an isolated zero of the matrix 
(w^.^^)- Using ([9]) with / = w, we see that the A-umbilic at p is isolated. 



3 Indices 

In this section we show the following. 

Proposition 3.1 Let A" : S ^ R'^ be a CAMC surface which is not a rescaling of the Wulff shape. 
Let p & Ya he an A-umbilic and let F be an eigendirection field for D'^^l + (^Z^)?] + [7 + 
defined near p. Then the rotation index of F around p is negative. 

Proof. We will precisely describe the coordinate change in going from ([TO)) to (|lip . 
Let 

/ a{y) -h{y) \ 
\ -b{y) c{y) ) ■ 

Let A^, [Ki > 0), i = 1,2 be the eigenvalues of the symmetric positive definite matrix Cq. Then, 
for some rotation matrix 

f cos d —smd\ 
y sin I? cos I? J ' 

there holds TZCoR-^^ = diagonal(A^, A2). It follows that if we make the coordinate transformation 
ti = {cos-d)yi — (sini9)y2, h = (sint?)yi + (cosi?)2/2, then the equation a{0)fy^y^ — 2b{0)fy^y2 + 
c{0)fy2y2 = is transformed into K\ft^ti + ^\ft2t2 — 0. Finally, the transformation := ti/ Ki 
changes this last equation into the Laplace equation /ji^i + /^2C2 — 0- 

The polynomial P found above, therefore satisfies A^Pt^f^ + K^Pt2t2 = and the Hessians 
(Pt^tfi) and (Pyiyj) are related by 

T^-\Put,)Tl={Py^y^). (18) 
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From (fT5|) . we get 



0{\y 



JV-2+e 



), 1<«,J<2. 



(19) 



By the rotation index of the eigendirections of {Ptctf,) and [Pyiy^) are the same since the 
eigendirections for one of the matrices differs from the eigendirection for the other by a fixed 
rotation. Therefore it is enough to show that the rotation index of the eigendirections of (Pt„t^) 
are negative. 

We write + — pe**, then a calculation shows 



N-2 



Let 





cos(N-2)9 




Al 


( 


- sin(Af-2)6l 




A1A2 


1 


1 .2 






1 


1 ,2 


Af 





i(jV-2)g 



A1A2 
- cos{N-2)9 

A? 



,1/2 



A 2 A 2 J 



AfAi 



> 



IA1A2I 

Then the eigenvalues are given by 

N{N- 1) 



A4 



r,N-2 



(cos(7V-2)0)(^2 



1 

Af 



^^2 



± A 



(20) 



If (a;, y) is an eigenvector belonging to A+, we easily obtain 



tan$ 



y 

X 



A1A2 



cot((iV-2)e)(^ + -^ 



A 



^(cot((iV-2)^)(^ + ^) 



' sin((iV - 2)61) 
{(cos2(iV-2)0)(Ai 



^) +4} 



1/2 



■Ai ' A2^ sin((7V- 2)61) 

It follows that the winding number of the eigendirection corresponding to A+, is 



2ii 



— / d[ arctan( - ( cot((7V-2)0)(^ + ^ 



A2 Ai. {(cos2(7V_2)0)(A^-Ai)%4} 



11/2 



Ai A2 



sin((7V- 2)6* 



iV- 2 



(This is shown in the Appendix.) Recall that we have shown above that > 3 holds. The right 
hand side of the above equality is ngative. 

We next show that the rotation index of an eigendirection of {Wy.y- ) at an A-umbilic is equal 
to the index of an eigendirection of {Py^yj) at the same point. 

Write = [Wy.y.), V := {Py^yj)- The eigenvalues oiV are given in ([20l) and the corresponding 
eigenvectors are orthogonal since V is self-adjoint. Set A+ = Ai, A_ = A2. Suppose VEi = \iEi, 



VE2 = A2£'2 with E, ■ Ej 



Let V he a, unit eigenvector of with eigenvalue A = X{p,9). 
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Write V (cosq;)£:i + (sina)£:2- Then 

A((cosa)£^i + (sina)i?2) = Vl[{cosa)Ei + {s\iia)E2) 

= {r + 0{p^-^+')){icosa)Ei + {sma)E2) 
= Ai(cosa)£'i + A2(sinQ;)-B2 

+Oip^~^+'){icosa)Ei + {sma)E2) . 

This imphes, using ((20)) . that 

cosa(^) = cosa( ^^^^~ [cos((iV - 2)0) (^^ - -1) + A] + 0(p^)) , (21) 

sina(^) = sina(^^^^^^^[cos((7V - 2)0)(^ _ -1) _ A] + 0{p^)^ , (22) 

where are constants. It follows that either cos a or sin a ^ as p ^ 0. To see this, assume 
that neither of these limits hold. Since the circle is compact, we can find a sequence of points 
{pi, Oi) with Pi ^ Q and cos(Q!(pi, 9i)) A^Q, sn\{a{pi, Oi)) B ^ Q. We can use this to cancel 
the factors cos a and sin a in (|2T]) and (1221) to obtain: 



%^ - ^^^[cos((A^ - m){^ - -1) + Aie.)] . Oipt) 

Pi ^ ^1 ^^2 

and 

^ - ^^^[cos((A^ - 2m^^ - ^) - m)\ - oipV). 

Subtracting, we obtain 

which is impossible because of (*). 

We will assume sin a — > 0, the other case is similar. 

It follows that V and Ei are asymptotically parallel as p — > and hence V and E\ have 
the same winding numbers about p — To see this, write E\ = (cos /.t(p, 0), sin/.t(p, 0)), Ei = 
(— sin /i(/9, 6*), cos /i(p, f?)), then V = (cos(a + /x), sin(a + p)). The rotation index of V is the integer 
J given by 



2-kJ — lim 'f {da + d/i) 



Choose po ~ such that < p < po imphes | sina| < 1/2. For some p, Q < p < pq, if Q;(p, 0) is 
continued along the circle of radius p, then we arrive at a(p, 2-k) — a{p, 0) + 7rm for some integer 
m. However, m = must hold, otherwise there is a value between a{p, 0) and a{p, 0) + nm where 
sin a = 1 holds, giving a contradiction. Therefore, 



lim (p da — > , 



It follows that the index of an eigendirection of {Wy^yj ) ^^^id the index of an eigendirection of {Py^y^ ) 
are the same ai ^ — y — Q and so both are negative, q.e.d. 



6 



4 Proof of Main Result 



We will now assume that E is a closed, genus zero surface with constant anisotropic mean curvature 
A. The reader can easily verify that the product of a positive definite symmetric matrix, in 
this case D^^ + 7/, and another symmetric matrix, in this case dv, has real eigenvalues. By 
considering the discriminant of the characteristic polynomial of [D^^ + 7/) • dv, one can then see 
that (A2/4) - Ky:/Kw > holds. So A ee would imply that S has non positive curvature which 
is impossible for a closed surface in 3-space. 

In order to prove the theorem, we will apply a well known result on the sum of the indices 
of a direction field, [S], to an eigendirection field of £'^[7 + {A/2)q] + [7 + {A/2)q]I. Although 
D^7 + 7/ is globally well defined, the endomorphism field D^q + ql is undefined at points where 
the curvature Ks vanishes. 

Lemma 4.1 Let C be the closed subset ofE where K-^ — holds. Let v be an eigendirection field 
of D^^Y + {A/2)q] + [7 + (A/2)g]/. Then v can be continued continuously across C. 

Proof. We first show that there is a neighborhood C" of C which does not contain any umbilic 
points or A-umbilic points. If C contained an umbilic point, then the principal curvatures at that 
point would satisfy ki — k2 — — kiki so dv would vanish. This would make (j4|) with A ^ 
impossible. It follows that there is a neighborhood Ci of C where which is free of umbilics. At any 
A-umbilic, we have (AV4) - K^/Kw = 0. Therefore C2 :== {(AV4) - K^/Kw > A^/S}, gives a 
neighborhood of C containing no A- umbilics. We let C — Ci O C2. 

We will show that the endomorphism field K{D^['y + {A/2)q] + [7 + {A/2)q]I) extends con- 
tinuously to C and that this endomorphism field has no singularities in C (singularites here 
includes the possiblitity that the field vanishes). Since £'^[7 + {A/2)q] + [7 + {A/2)q]I and 
K{D'^['j + {A/2)q] + [7 + {A/2)q]I) have the same eigengirection fields on C" \ C, we can ex- 
tend the eigendirection fields of -D^[7 -|- (A/2)g] + [7 + {A/2)q]I to C by using the eigendirection 
fields of K{D^[j + {A/2)q] + [7 + (A/2)g]/). 

We work at a point in a; G C" \ C. At x, choose an orthonormal frame consisting of principal 
directions. With respect to this frame we write 

D'l + ll=( ),D-q^qI=( ^ ) . 

Straightforward calculations then gives 

{D^^ + ^L)-dv^ ( -Ji'*" -^2^12 \ , (23) 

A ^ /Clflii + /C2a22 , 

and 

A-(Z,^b + (A/2),l + [-,+ (A/2W/). ;^--)/^ j!'L„)/2 ) ■ f^") 

From ()23p , we see that an A-umbilic on a surface with constant non zero A corresponds to a point 
where fcion — k2a22 = and 012 = 0. Since there are no umbilics in C", the frame of principal 
directions is well defined on C . Since both principal curvatures cannot simultaneously vanish 
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and since there are no A-umbilics in C, the previous matrix cannot vanish anywhere on C". and 
the expression above for K{D'^['f + {A/2)q] + [7 + {A/2)q]I) extends over C and has well defined 
eigen-direction fields there, q.e.d. 



Proof of Theorem \l.ll Assume that the surface is a topological sphere with constant anisotropic 
mean curvature which is not a rescaling of the Wulff shape. Then the anisotropic umbilic points 
are isolated. We consider a direction field F on S which is given on S \ C" as an eigendirection 
field of -D^[7 + {A/2)q] + [7 + {A/2)q]I and is given on C as an eigendirection field of K{D^[y + 
{A/2)q] + [7+ {A/2)q]I) as defined above. Then the rotation indices of the singularities of F are all 
negative. However, the sum of the indices of a line field on a topological sphere is positive, which 
gives a contradiction, q.e.d. 
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6 Appendix 

We show 

/ /w ,A,A,, {(cos2(A^~2)0)(Ai- Ax)2+4}i/2... 



i-^^d(arctan(i(cot((A.-2).)(Aa. 



2tt Jo V V2V Ai A2' sm{{N-2)e 

Let z :— A2/ Ai, m := N — 2, ip ;= m9, then this formula is equivalent to 

_ 1/2^-1 r arctanf l([z + l/z] cot^ „ + ~ ^^1' cos^ ^V^^ ^\ ^ ^25) 
27r Jo V 2 sm ^ ) 

Note that the integrand has singulaities at each half odd integer multiple of tt. In any interval free 
of half odd integer multiples of vr, the integrand can be computed as 

(\,, , {4+ [z- l/zl^cos^V^ji/s \ ^ziz^j^x) 

5v,arctan -([z-|-l/z]cotV' "^-T ^ \ _ v -r ; 



^2^ sin 7/; ' ) (z^ — 1)2 cos^ -0 + 4^;^ 

A standard table of integrals gives 

dV' 1 / ptanip , 

arctani 
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Using this with = Az^ and — (z^ — 1)^, we obtain 
d^p arctan ^ 2 ( t'^ ^ '^1 A '^^^ ~ 



{4+ [z- I/zI^cos^V'I^/^nX , 1 2ztanV' 

* ^ dyj = — arctan ■ 



sin -0 / 2 + 1 

Evaluating the antiderivative over the endpoints of the successive intervals (0,7r/2), {tt/2,3tt/2) 
and (37r/2,27r), gives 

1 /"'"n A/r ,1 , {4+[z-l/^]'cOs2V'}l/%\ ,, 1, , 

— / 9^ arctan - ([z + 1/z] cot V' - ^ 't^. — — ) d^J ^ —(-tt) ^ ~l/2 , 

Zn Jq smyj j An 

which proves 
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